Boson stars may consist of a new type of light singlet scalar particles with nontrivial self-interactions, and may compose a fraction of the dark matter in the Universe. In this work, we study the dynamics of boson stars with Liouville and logarithmic scalar self-interaction potentials as benchmarks. We perform a numerical analysis as well as a semi-analytic study on how the compactness and the total mass will deviate from that of the usual boson stars formed with a quartic repulsive self-interaction. We apply the recently suggested Swampland criteria to examine whether boson stars with these two potentials belong to the Landscape of a quantum gravity. We further analyze applications of the lensing of fast radio bursts (FRBs) and gravitational wave (GW) detection to probe the presence of such boson stars and constrain the parameter space of their corresponding models. We discuss how the two types of boson star potentials can be discriminated by the FRB and GW measurements.
Introduction
The Standard Model (SM) of particle physics predicts a unique scalar particle -the Higgs boson h, as discovered by the LHC in 2012, which arises from a single Higgs doublet H. The striking feature of the SM is that the Higgs mass parameter serves as the only dimensionful parameter in the entire SM Lagrangian 1 because the Higgs doublet can form a gauge singlet bilinear term H † H of dimension-2, that allows for a renormalizable Higgs portal term H † HX or H † HXX if X denotes a certain new scalar field beyond the SM.
If there exits a singlet complex scalar X = Φ as such in a dark sector (which is odd under a Z 2 symmetry), it could couple to the SM sector rather weakly via the Higgs portal interaction H †
H|Φ|
2 with a coupling O(10 −2 ). As the temperature of 1 If we extend the SM by including the singlet right-handed Majorana neutrinos (N ), we can form the gauge-invariant Majorana mass term − the Universe decreases in its history, it is probable that the bosonic particle becomes cold enough to sit in the ground state at a certain moment. This happens when the de Broglie wavelength of the bosons, λ ∼ m −1/2 Φ T −1/2 , becomes comparable to the interparticle distance between the particles. Then, as a self-gravitating system, the clustering of Bose-Einstein condensate (BEC) would tend to continue until gravitational attraction is balanced by the repulsive quantum pressure due to the Heisenberg uncertainty principle. In consequence, a stable compact object (called boson star) could form, and this may possibly provide a certain fraction of the dark matter in the Universe.
With this motivation, there have been several works studying the dynamics of boson stars, including the possible maximum mass and compactness of a boson star as determined by distinctive forms of the scalar potential. Given the competition between gravitational attraction and repulsive quantum pressure, a possible scalar selfinteraction new force will cause a different hydrostatic equilibrium point, and thereby the characteristic physical quantities describing the boson star will vary. As a simplest setup, the study of the stable boson star with a free massive scalar was done in [1] , which was investigated further [2] by using field quantization of a real scalar field. This boson star (called mini-boson star) has a mass ∼ m 2 P /m Φ , still less than the Chandrasekhar mass limit ∼ m is the Planck mass.) Then, the scalar model with the repulsive quartic self-interaction was examined [3] in the context of the boson star, and it was shown that the total mass comparable to the Chandrasekhar limit can be realized. In the strong coupling regime, the compactness of this type of boson stars was found to be as high as C max 0.16 [4] . Based on these works, many different potentials were further considered in the literature [5] [6] [7] [8] .
In this work, we will study the dynamics of boson stars with certain distinctive scalar self-interaction potentials. Regarding the new forces governing the hydrostatic equilibrium for the boson star other than the gravity and the quantum pressure, a nontrivial question is how the compactness and total mass would change, provided a infinite series of repulsive self-interaction forces are introduced. Namely, we wonder how much increase from C max 0.16 can be observed when the quantum pressure is put together with the repulsive force of an infinite series of scalar self-interactions in competing with the gravitational attraction. Would it be so significant that it approaches a value as high as the compactness of a black hole? If not, then how much does the infinite series of repulsive forces make the stable boson stars be different from the usual boson stars (including the mini-boson star or the boson star from a repulsive quartic self-interaction)? In addition, the same question can be asked for a scalar potential of which the expansion gives infinite series of paired attractive and repulsive forces by having alternating signs. Answering these questions is valuable for identifying the source of a compact object-related astrophysical signal that is characterized by its compactness and mass. For instance, such astrophysical signals include gravitational waves (GWs) caused by the merger of two binary compact objects or the fast radio bursts (FRBs) due to the presence of a compact object serving as the lensing source.
For this purpose, we will examine equilibrium configurations of the boson star due to two benchmark potentials of scalar self-interactions -the Liouville and Logarithmic potentials.
This paper is organized as follows. In Sec. 2, we introduce a formalism for studying the dynamics of boson stars and set up two benchmark scalar potentials. In Sec. 3, we present the results of both numerical and analytic computation for the compactness and mass of boson stars. Then, we apply the Swampland criteria to the results and check whether the boson star models under consideration belong to the Landscape of a quantum gravity theory. Finally, in Sec. 4 , we use two astro-physical measurements to probe the presence of such boson stars and the parameter space of the benchmark scalar potentials. We discuss how the two types of boson star potentials can be discriminated by the FRB and GW measurements. Throughout this paper, we will adopt the natural unit c = = 1. We denote the Planck mass by m P = G −1/2 N and the reduced Planck mass by M P = (8πG N ) −1/2 , where G N is the Newton gravitational constant. For the cosmological parameters, we use values based on Planck TT,TE,EE+lowE+lensing at the 68% confidence level in Ref. [9] .
Boson Star Modeling
In this section, we present the full set of equations which governs the boson star solutions. These equations include the Einstein equations for the spacetime geometry and the Klein-Gordon equation of the scalar field. The equations of such a coupled system are usually called Einstein-Klein-Gordon (EKG) equations (cf. Refs. [8, 10] for reviews). Then, we proceed to introduce two self-interacting scalar potentials of different underlying physics. We will motivate the choice of the two potentials. Finally, we discuss the definitions of physical quantities characterizing a boson star, including the total mass and compactness.
Einstein-Klein Gordon Equations
Boson star is a self-gravitating system comprised of particles which correspond to a complex scalar field obeying the EKG equations. We start by considering the following action,
where R is the Ricci curvature scalar, g = det g µν is the determinant of the metric tensor, and L M is the Lagrangian density of the scalar field. For a complex scalar field Φ(r, t), we write the corresponding Lagrangian
where we require the scalar potential U (|Φ| 2 ) to be a function of the modulus of the scalar field.
2 This feature of the potential is crucial for making the action invariant under a global U (1) symmetry. Variations of the action (2.1) with respect to the metric tensor and the scalar field lead to the following EKG evolution equations,
where is the covariant D' Alembert operator, R µν is the Ricci tensor, and T µν is the scalar energy-momentum tensor,
g µν R being the Einstein tensor. The invariance of the action (2.1) under a phase transformation, Φ → exp(iθ)Φ, implies a conserved Noether current
. Thus, the corresponding Noether charge defines a conserved total number of particles [2] ,
Stable general relativistic boson stars satisfy the relation M < N m Φ due to the existence of a negative binding energy associated with the spacetime geometry. The choice of a complex scalar field over a real scalar field has a reason. As Friedberg, Lee and Pang showed [7] , a localized time-independent matter configuration does not exist for a real scalar field. Since the energy-momentum tensor (2.4) depends on the modulus of the field, the product of gradients of the field and its conjugate, it is convenient to consider a harmonic ansatz for the scalar field which ensures a time-independent gravitational field. Thus, we write 6) where φ ∈ R is the real radial profile of the scalar field and ω a real angular frequency. We impose a spherically symmetric ansatz to look for equilibrium configurations which correspond to minimum energy solutions. With this ansatz, the energy-momentum tensor becomes time-independent, leading to static metric functions. Thus, we can write
where γ = γ(r) and λ = λ(r) depend only on the Schwarzchild-type radial coordinate r . By substituting the ansatz (2.6) into Eqs.(2.3b)-(2.4), we obtain the temporal and radial components of the energy-momentum tensor and the equation of motion of the scalar,
8a)
where a prime means a derivative with respect to r . After computing G t t and G r r , the first two components of the Einstein equations are given by
For the later computational convenience, we introduce the following dimensionless variables,r = rm Φ ,ω = ω/m Φ , andφ 2 = 8πG N φ 2 . These rescaled variables lead to the resultant coupled system of differential equations,
where the prime denotes a derivative with respect tor . In the above, we have defined dimensionless quantities for convenience,
Scalar Self-Interaction Potentials
Different from the mini-boson star without any self-interaction [1] , it was shown [3] that the maximum total mass of a fermion star (Chandrasekhar mass limit) could be mimicked by a boson star provided the scalar field is allowed to have repulsive quartic self-interaction with a suitably chosen particle mass and interaction strength. The underlying physics is that the repulsive force due to quartic self-interaction with positive coupling (λ > 0) together with the quantum pressure of boson particles can better compete with the attractive gravitational force, leading to an equilibrium radius of a larger size. 3 Hence, along this line of thinking, it is natural to wonder what else can achieve the higher compactness. In other words, we may ask whether compactness of a boson star increases significantly under the presence of additional sources of either of a repulsive or attractive force. As a first possibility, there may be a series of repulsive self-interaction terms. To avoid a divergent repulsive force, we demand that the added new repulsive higher order self-interaction terms becomes smaller as the expansion order increases. In this case, can we have a stable boson star? And if so, will there be a significant change in compactness as compared to the mini-boson star? To address these questions, we may consider the following modified U (1) Liouville potential [13] ,
where f serves as an ultraviolet (UV) cutoff for the current low energy effective theory. For |Φ| < f and using Eq.(2.6), we may expand the potential around φ = 0 as follows, 12) where the scalar mass term arises from the leading order of the expansion. We have modified the usual Liouville potential to respect the global U (1) symmetry which ensures the particle number conservation. Indeed, the above modified Liouville potential has the desired property of generating an infinite series of repulsive interaction terms.
On the other hand, such a convex exponential potential of a scalar field has been applied to a variety of problems in cosmology, ranging from dark matter [14] , inflation [15] [16] [17] [18] , to dark energy modeling [19, 20] .
As a second option, we may consider a potential of which the higher order contributions largely cancel with each other pairwise due to different signs, but the net effect is not negligible and differs from a single quartic self-interaction. Note that this case can have two possibilities: the sign of the quartic coupling can be either of positive (λ > 0) or negative (λ < 0). For λ > 0, the net force due to scalar self-interactions is repulsive and the resulting compactness turns out to exceed that of the mini-boson star ( 0.08) as shown in [12] with the cosine potential (cf. its Fig.10 ). For the current study, we will examine the other possibility with a negative quartic coupling, in which case the net force due to self-interactions should be attractive. A well-known example of this kind is the QCD axion potential (cf. Refs. [21] [22] [23] [24] for reviews of axion stars). For this purpose, we consider the following logarithmic scalar potential,
For |Φ| < f , we make Talyor-expansion of the scalar potential around φ = 0 and use Eq. (2.6) to derive the following form, 14) where the mass term arises from the leading order expansion again. Note that both potentials are functions of the modulus of the scalar field as required by the global U (1) symmetry. This logarithmic type potential can appear as the effective potential for a flat direction of the scalar field in the gauge mediated supersymmetry breaking scenario [25] . Besides, thermal logarithmic potential can be induced due to interaction of the real scalar field with other fields in the primordial plasma after inflation for a supersymmetric theory [26, 27] . Motivated by these, the logarithmic potential of the same form as Eq.(2.13) for a real scalar field was studied in the context of I-ball formation in [28, 29] . To make the computation simpler, we define a dimensionless cutofff byf 2 = 8πG N f 2 . We also define a dimensionless coupling strength Λ = 1/f 2 . Note that, for the special case of a usual quartic self-interaction,
Then, in terms of the dimensionless variables defined above, we can convert the potentials into the following form,
In the above, the dimensionless potentialsŨ Liuoville andŨ Log are the same as what appeared in Eqs.(2.10a)-(2.10c).
Mass and Compactness of the Boson Star
For a boson star, the physical quantities of interest are its total mass and compactness. The total mass can be computed as, M = m(r → ∞), where (dm/dr) = −4πr 2 T t t . Using the dimensionless variables defined in the previous subsection, we derive the followingm 
The conserved total number of particles associated with a boson star is calculated from Eq.(2.5). In terms of the dimensionless variables defined earlier, we havẽ (2) of [3] .
Since the radial profile of scalar field vanishes at the physical infinity, the scalar field has non-compact support. This means that boson stars do not have a hard surface and thus the definition of a radius R would be ambiguous. This ambiguity is also transferred to the definition of compactness. Following Ref. [4] , we define an effective compactness, 19) where R 99 refers to the radius at which the 99% of the boson star mass M is enclosed.
We will see that the effective compactness is a function of the central scalar field value φ 0 and the UV cutoff f of the theory.
Analysis and Results
In this section, we first present a numerical approach to solve the Einstein-KleinGordon equations in Sec. 3.1. Then, we apply the recently suggested Swampland criteria to examine whether boson stars with the two scalar potentials of Sec. 3.2 belong to the Landscape of a quantum gravity theory. Finally, we present a semi-analytic approach in Sec. 3.3 to estimate the maximum total mass, the minimal radius and maximum compactness of boson stars.
Numerical Implementation and Results
The equilibrium configurations associated with boson stars are found by solving numerically the coupled system of Eqs.(2.10a)-(2.10c) under suitable boundary conditions: (i). γ(r → ∞) = λ(r → ∞) =φ(r → ∞) = 0 ensures asymptotic flatness; (ii). λ(r = 0) =φ (r = 0) = 0, γ(r = 0) = γ 0 , andφ(r = 0) =φ 0 ensure regularity at the center. For a given initial central value of the scalar field,φ 0 , the whole problem is simply reduced to an eigenvalue problem for the angular frequencyω . The value γ 0 can be arbitrarily chosen before numerical computation. We can always rescale the time variable in Eq.(2.7) to satisfy the asymptotic flatness γ(r → ∞) = 0. For a radius greater than 2G N M , the metric becomes the Schwarzschild metric.
There exists a discrete spectrum of eigenfrequenciesω for each valueφ 0 . The lowest eigenfrequencyω 0 corresponds to the ground state configuration, whose radial profile φ(r) does not include nodes. The other eigenfrequencies correspond to excited state configurations with zeroes in their radial profile. As mentioned above, we are mainly interested in the ground state scalar field configuration for boson stars. Since the excited states would decay to the ground state by emission of scalar and gravitational radiations [30] , they are not so relevant for our purpose.
We execute a numerical integration of the coupled equations of Eqs.(2.10a)-(2.10c) by using the Mathematica Software. The upper limit of the integration,r max , is chosen to be much greater than the characteristic radius of the profile of the scalar field. According to the presence or absence of zeroes in the radius profileφ(r), we define a range of eigenfrequencies [ω a ,ω b ] such thatω a ω 0 ω b . After that, we perform a search via the bisection method around the unknownω 0 based on the way in which φ(r) diverges. Nearω 0 (or any eigenfrequency), the numerical solution diverges upward (downward) if the value chosen for ω is smaller (larger) thanω 0 . Once we obtain a profile which does not diverges in the spatial region [0,r max ], we continue to apply the binary search until |φ(r max )| < , where is the desired tolerance. Finally, we impose asymptotic flatness on the temporal component of the metric by rescaling the value of
. Depending on the scalar potential of the boson star model, the binary search of the lowest eigenfrequency could be very challenging. For instance, a high level of numeric precision is required in the case of ground state solutions for solitonic boson stars. These solutions turn out to be extremely sensitive to the tiny changes of the eigenfrequency value as a consequence of its steep radial profile [31] . For the boson star models of our current interest, the level of complexity of numerical calculations is similar to that for the mini-boson stars or massive stars with a quartic self-interaction. A detailed analysis of numerical computations for boson stars was given before [32] .
Stability properties of boson stars were studied in the literature both analytically [12, [33] [34] [35] and numerically [36] [37] [38] [39] . Mass and compactness of the ground state of a boson star depend on the central value of the scalar field (φ 0 ) and the scalar potential U (|Φ| 2 ). For the case of the mini-boson stars with free scalar field, there exists a critical point for the central value of the scalar field, φ 0 , beyond which the ground state is unstable under small radial perturbations. As φ 0 increases, stable configurations have larger masses but smaller effective radius, leading to a greater compactness. This behavior continues until the central value of the scalar field reaches φ 0 , where the total mass of the star encounters a turnaround. This turnaround implies a maximum allowed mass for a boson star in the ground state, which is found to be M max = 0.633 m 2 P /m Φ [1, 2] . More generic potentials which include one or more self-interaction terms added to the mass-term show the same stability features as the case of the free-field potential [3, 5, 6, 13] . Figure 1 shows the radial profile of the ground state of a boson star with a U (1) Liouville potential for different values of φ 0 and f . As we expect for any boson star ground state, these radial profiles of the scalar field do not contain any node and, starting from a central value φ 0 , go to zero as the radius increases. In particular, while the red curve in Fig. 1 shows the radial profile of the ground state solution for φ 0 = 0.273 M p and f = M p , the red curves in Fig. 2 show the radial and temporal components of the metric associated with this solution. From Fig. 2 , we see that for the region outside the boson star, the metric components of Eq.(2.7) overlaps the corresponding Schwarzschild metric components (shown by the blue curves). In Fig. 3 , we present the boson stars mass M as a function of the central value of the scalar field φ 0 for the scalar potentials U Liouville (red curve) and U Log (blue curve). In both cases, we have set the UV cutoff to be f = M P . We compute the mass of the ground state of these boson stars by using Eq.(2.16), which agrees with the ADM-mass in Eq.(2.17). The maximum mass for both potentials is obtained at the critical central value of the field φ 0 ≈ 0.27 . The total mass of the star shows a turnaround at this critical central value. All configurations on the left-hand (right-hand) side of the critical point φ 0 are stable (unstable). For the two scalar potentials U Liouville and U Log , we have M max = 0.666 m 2 P /m Φ and M max = 0.602 m 2 P /m Φ , respectively. In comparison to the maximum mass for a free-field potential, the repulsive self-interaction terms present in the expansion of the U (1) Liouville potential enhance the value of M max . In contrast, the lower value of M max for the case of the U (1) logarithmic potential is caused by the presence of the net effective attractive self-interactions from its expansion series. For the case of U Liouville potential (as shown by the blue curve in Fig. 3 ), the value of M max and the M (φ 0 ) curve are in full agreement with [13] .
In Fig. 4 , we further present the relation between the mass M (in units of m In the left panel of Fig. 5 , we present the negative binding energy of the boson star, E B = M −N m Φ , as a function of the self-interaction coupling strength 1/f 2 . For the Liouville potential U Liouville , we observe that increasing self-interaction coupling strength raises the magnitude of the negative binding energy E B . But, for the logarithmic potential U Log , the magnitude of the binding energy first decreases up to the coupling strength Λ ∼ 5 and then increases for Λ 5. We will examine the reason of the different behaviors of E B for the two scalar potentials in Sec. 3.3.
As we will show in the next subsection, the compactness is one of the most relevant physical quantities for studying the dynamics of boson stars because of its connection to possible astrophysical signatures. The right panel of Fig. 5 presents the evolution of the maximum compactness reached for ground state configurations of boson stars with respect to the coupling strength Λ. Here we have used the total mass M of the boson star rather than N m Φ for computing the maximum compactness C max . For comparison, we also show the case of the usual repulsive quartic self-interaction potential U Quartic , in addition to the potentials U Liouville and U Log . As anticipated, we see that all three cases converge to the compactness of the mini-boson stars, C max 0.08 (shown as black dot), in the weak coupling limit. However, their behaviors deviate from each other as the coupling strength increases. The compactness for the potential U Log increases with the coupling strength, but is slightly smaller than that of the potential U Quartic . For instance, for U Log and f = 0.1M P , we find that its compactness is only less than that of U Quartic by 0.3%. The combination of an attractive leading order self-interaction term with alternating repulsive and attractive higher order terms from expanding the U (1) logarithmic potential, produces a similar effect to the compactness of a potential with repulsive quartic self-interaction alone. However, the situation changes for the case of U Liouville . The net effect of all repulsive self-interaction terms from its expansion series increases the compactness significantly above that of the conventional U Quartic potential. Note that for the U Liouville potential with f ≈ 1/ √ 40 M P , the compactness reaches the asymptotic value of that for the U Quartic potential, C Quartic max (Λ→∞) 0.158 [4] . In the next subsections, we will use the compactness value for both potentials with f = 0.1M P as representatives of a strong coupling regime, where C Liouville max 0.176. In Sec. 3.3, we will return to the analysis of compactness by using a semi-analytic approach.
Compactness in Landscape of Quantum Gravity
Although we motivated the scalar potentials introduced in Sec. 2.2, one may further wonder whether these consistent-looking scalar theories coupled to gravity could be UV-completed by a consistent quantum gravity theory. When the answer is positive, the effective field theories (EFT) are said to reside in the Landscape of a quantum gravity theory. In contrast, if the answer is no, they are said to form the Swampland according to [40, 41] . As a way to distinguish EFTs in the Landscape from those in the Swampland, certain criteria are suggested to be checked. Throughout these checks, we want to examine whether C max obtained in Sec. 3.1 is from the Landscape or the Swampland. The similar question was discussed in [42] for the cases of the mini-boson stars and of boson stars with a positive quartic self-interaction potential.
To address the question for our study, we apply the following two criteria [43] :
• Criterion 1: ∆Φ ∆ ,
where ∆Φ in Criterion 1 is the difference between the maximum and the minimum of the field value in unit of M P . Although the exact values of (∆,c) have not been determined yet, both are expected to be O(1). Following [42] , we take ∆ andc to be the unity for our analysis. For the complex scalar field in our case, the Criterion 2 reads M P |∂ |Φ| V (|Φ|)|/V c . Using the two potential forms (2.11) and (2.13), we can recast this condition as
where x = φ/f , and F (x) and G(x) equal f |∂ |Φ| V (|Φ|)|/V for U Liouville and U Log potentials, respectively. The largest UV cutoff with which we apply this test is f = (1/ √ 10)M P 0.316M P . So it suffices to check the inequalities (3.1) only for f = (1/ √ 10)M P as long as the Criterion 2 is concerned. 5 For the scalar field configuration corresponding to C max , if F (x) and G(x) conform to the inequalities (3.1) with 5 One may apply a higher value of UV cutoff f which corresponds to smaller self-interaction coupling regime Λ < 10 in the right panel of Fig. 5 . Since we mainly want to check C max produced from strong coupling regime, we restrict our analysis to f (1/ √ 10)M P , which corresponds to Table 1 : The values of φ(r = 0)/f corresponding to M max (C max ) are presented for each potential and UV cutoff f (in the unit of M P ). In each parentheses the value of φ(0) is also shown. For the Liouville potential, all the φ(0) values are less than 1 which is the intersection of the two criteria (see the text). For the logarithmic potential, φ(r = 0)/f < 2.6555 can be checked for f considered in this study, and so does φ(0) < 1. This shows that all the C max values shown in Fig. 5 can be regarded as arising from effective scalar theories UV-completed by a consistent quantum gravity.
F (x), G(x) 0.316, then the Criterion 2 is satisfied. For the boson star study, we focus on the regular field configuration without a node which continues to monotonically decrease from the center of the boson star and approaches zero as moving outward. This implies ∆Φ = Φ(r = 0). For a fixed UV cutoff f , we want to check whether the field configuration corresponding to C max (as found in Sec. 3.1) satisfies the above Criteria 1 and 2. If a violation occurs, then C max found in Sec. 3.1 is considered originated from an effective scalar theory belonging to the Swampland. In Fig. 6 , we plot f |∂ |Φ| V (|Φ|)|/V as a function of φ/f . We see that the Criterion 2 is readily satisfied by the Liouville potential for any φ/f 0. This means that we only need to check whether φ(0) 1 for φ(0) corresponding to M max (C max ) with a given f . As for the logarithmic potential, we note that f |∂ |Φ| V (|Φ|)|/V is a monotonically decreasing function of φ/f and the Criterion 2 is satisfied for 0 φ/f 2.6555. Hence, to avoid being in the Swampland, we require the intersection between φ(0) 1 and φ(0) 2.6555f for a given f to be satisfied by φ(0) value corresponding to M max (C max ). We show the values of φ(0)/f associated with C max for each fixed f in Table 1 , where the numbers in each parentheses correspond to the values of φ(0). In this table, we show the values of φ(r = 0) up to three decimal points, which are enough for our purpose of checking two Swampland criteria. For the Liouville potential, the inequality φ(0) < 1 holds for all f values under consideration. For the logarithmic potential, both Criteria 1 and 2 turn out to hold for all f values considered. Hence, C Liouville max and C Log max in Fig. 5 are all from the scalar theories in Landscape for Λ 10.
Semi-analytic Approach
In this subsection, we try to analytically understand the results we obtained in Sec. 3.1 by following the logic of [12, 21, 44] . The strategy is to estimate the Hamiltonian of the system from Eq.(2.8a) by using an ansatz for the radial profile of the field in Eq.(2.6). This ansatz controls the shape of the profile by a single length scale R . Following a variational approach, we extremize the Hamiltonian with respect to R and obtain an estimate of the maximum total mass M max , the minimum radius R min , and the maximum compactness C max .
We first introduce an exponential ansatz of the scalar field wavefunction by specifying Φ(r, t) in Eq.(2.6) as
where we expect that the kinetic energy is proportional to the gravitational potential energy up to a factor, which may be parametrized as α and will be determined later.
In the weak gravity limit, we may approximate the metric (2.7) as e γ(r)
where V (r) = −G N M (r)/r is a gravitational potential. Approximating the mass of the boson star system as m Φ N , we may use the following definition for the boson star mass,
Using this together with Eq.(3.2), we obtain the gravitational potential
The superscript A in Eq.(3.4) stands for the mass to be used in our analytic approach. We stress that this mass differs from the total mass (2.16) that we used for the numerical computations in Sec.3.1. From Eqs.(2.8a) and (3.3), we derive in the weak gravity limit,
which leads to the following Hamiltonian of the boson star when integrating over the proper volume
We may decompose H tot into three different contributions,
8b)
(3.8c) 6 The integration measure should be d 3 r √ −g. For simplicity of the analysis, we take the weak gravity limit and approximate √ −g 1.
By substituting the explicit form of the ansatz (3.2) into Eq.(3.8a), we obtain 
Similarly, we derive the kinetic energy arising from the gradient of the field,
Finally, we compute H int due to the two different potentials introduced in Sec. 2.2. For the Liouville potential (2.11), the exponential ansatz leads to
which provides a series of repulsive forces. For the logarithmic potential (2.13), the exponential ansatz leads to
13) 7 We refer the non-relativistic-limit result which yields a series of pairs of attractive and repulsive forces.
Given the above explicit expressions for the different self-interaction Hamiltonians, we can estimate minimum size of the scale radius R min and an associated N max by extremizing H tot . As shown in [21] , it is convenient to go through the extremizing procedure after rescaling R, N and H into the dimensionless quantities,
This results iñ
Next, for a set of values of f 2 G N (f /m P ) 2 , we estimate a minimum radiusR min and a maximum number of constituent bosonic particlesÑ max which can be realized for a stable boson star. For this purpose, we take a fixed value ofÑ and we search forR associated with a local minimum and maximum ofH, which correspond to the stable and unstable boson star branches, respectively.
In Fig. 7 , we present an example of how to find (R min ,Ñ max ) from Taylor-expanded Liouville potential with a truncation at φ 6 term and f 2 G N = 1 . For a fixed value of N , we find a pair ofR's satisfying ∂H/∂R = 0 . TheR solution obeying ∂ 2H /∂R 2 > 0 corresponds to the stable boson star solution and vice versa. For the high enoughÑ , two branches merge into a single solution of (Ñ ,R) eventually, which yieldsÑ max and R min . In Fig. 8 , we illustrate how the two extremum ofH approach each other asÑ increases.
Given (Ñ max ,R min ) for a choice of f 2 G N and using Eq.(2.19), we compute the maximamum compactness which the boson star can realize, 16) where the superscript on C max means that it is computed with M A defined in Eq. For instance, given (Ñ max ,R min ) = (0.939007500937, 1.70293) as in Fig. 7 , we deduce C max = 0.129882 . Note that for an estimate of compactness by the semi-analytic approach, we ap- With the semi-analytic approach described above, we try to understand the numerical results obtained in Sec. 3.1. For the maximum compactness in Fig. 5 , we observe that starting from the same value in free theory limit (1/f 2 = 0), C max due to U Liouville and U Log splits up with the increasing self-interaction strength and ends up with the hierarchy,
where C Quartic max is due to the repulsive quartic self-interaction (λφ 4 with λ > 0). This shows that an infinite number of repulsive self-interactions from expansion of U Liouville (|Φ| 2 ) renders the boson star system more compact than that with the usual repulsive quartic self-interaction. On the other hand, alternating attractive and repulsive selfinteractions arising from expanding U Log (|Φ| 2 ) tend to cancel each other and yield a small net attractive non-gravitational force. Hence, this small net effect makes the relevant boson star less compact than that with the repulsive self-interaction.
In Fig. 9 , we plot C A max as a function of f 2 G N , where C A max is defined in Eq.(2.19) following the semi-analytic approach explained above. The left and right panels show C A max based on the Taylor-expanded Liouville and logarithmic potentials truncated at Φ 4 and Φ 6 terms, respectively. For Liouville potential, both Φ 4 and Φ 6 terms have positive signs and thus generate repulsive forces. The Φ 6 contribution to the repulsive force together with that of the Φ 4 term helps for competing with the gravitational attraction, which leads to the higher compactness for a fixed f 2 G N . This tendency becomes more prominent as self-interaction strength increases (as f 2 G N decreases). When there are more additional repulsive forces provided by the rest of the higher order terms with positive sign in the Taylor-expanded Liouville potential, we expect the boson star would become more compact as compared to the case of the usual repulsive Φ 4 only. This is well reflected in Fig. 5 with the blue dashed curve (C max due to complete Liouville potential) and green dashed curve (C max due to repulsive quartic interaction). In contrast, for the logarithmic potential, Φ 4 term produces attractive force whereas Φ 6 term is repulsive. Accordingly, the repulsive Φ 6 term plays a role of diluting the attractive force of the Φ 4 term. The attractive Φ 4 term tends to decrease C A max as compared to a boson star with a quartic repulsive self-interaction in a free scalar theory, and this becomes more significant for the higher self-interaction strength (for the smaller f 2 G N ). But, the degree of decrease in C A max becomes weaker when the repulsive force of Φ 6 term dilutes the attractive force from Φ 4 . In the end, we expect the net attractive force due to pairing attractive and repulsive forces from terms in Taylor 
Astrophysical Probe of Boson Stars
In this section, we study two ways that allow us to experimentally probe the presence of boson stars by constraining their model parameter space. We note that the boson stars may be responsible for a small fraction of the dark matter by serving as a kind of MACHO (macroscopic compact halo object), which can be inferred from [45] [46] [47] [48] . The relevant mass range of the scalar particle for our boson star study may be O(10 −14 )eV m Φ O(10 −5 )eV, which corresponds to the total star mass O(10
In Sec. 4.1, assuming a certain fraction of the dark matter is attributed to the boson stars, we study how we can use the lensing of fast radio burst (FRB) as a probe. Then, in Sec. 4 .2, we analyze whether the gravitational wave (GW) signals caused by the merger of two boson stars can be detected by the laser interferometer gravitational-wave observatory (LIGO). For both astrophysical probes, we also discuss 8 We have checked that C the different implications for the boson stars with the two scalar potentials as studied in the previous sections.
Probe by Lensing of Fast Radio Bursts
The origin of the FRBs remains unknown, and we expect that the boson stars can cause some portion of the generated FRBs to be lensed by their own gravitational field. Probing the mass and the fraction of dark matter (DM) ξ DM as occupied by the primordial black hole was studied before [49] , and it was also extended to the applications for probing the parameter space of exotic compact objects including mini-boson star, boson star with quartic self-interaction, and fermion star [50] . In this subsection, following [49, 50] , we study how to use the lensing of FRBs to infer the presence of boson stars as well as to probe the parameter space (m Φ , f ) of our boson star models. The FRBs and their usage were discussed before [49] [50] [51] . For the purpose of our present study, we briefly explain the computation of the optical depth in Appendix A.
In our analysis, we assume the total number of observable FRB signals in the near future to be N FRB = 10 4 based on [52] where it was shown that CHIME is expected to detect thousands of FRBs throughout its envisioned project lifetime (3 years). For a set of values of the DM fraction (ξ DM ) residing in the boson star, the boson star mass M L , and the time delay ∆t between two images due to the gravitational lensing of FRBs, we can estimate the integrated-optical depth τ according to the procedure summarized in Appendix A. Here the physical meaning of τ is the probability for a FRB to be lensed by the presence of a compact object. The requirement of τ 10
can make a part of the parameter space of the boson star model be probed by detecting the lensing of FRBs.
We present in Fig. 10 the analysis of the FRB constraints on the two boson star models. We consider four different reference times ( ∆t = 0.1, 0.3, 1, 3 ms) following [49, 50] and two exemplary DM fractions attributed by the boson star ( ξ DM = 0.01, 0.1). As explained in [50] , FRB170827 shows the temporal profile with three different components. The narrowest component is characterized by the width ∼ 30 µs, which justifies the choice of the smallest reference time, i.e., 0.1 ms if one intends to detect the lensed image of mini-bursts (cf. Fig. 2 of [53] ). The dashed and solid blue lines in Fig. 10 represent the relation between the mass of the bosonic particle (m Φ ) and the maximum achievable mass of the boson star (M max ) for the fixed UV cutoffs f = 7.7×10
17 GeV and 2.435×10 17 GeV, respectively. 9 The relation line with the UV cutoff between these is located between the two blue lines. The relation lines are plotted based on our results in Sec. 3.1. (For a given UV cutoff, the maximum total mass of the boson star is proportional to M 10 Regarding the logarithmic potential, the lensing of FRBs allows us to probe the smaller scalar mass m Φ = O(10 −14 −10 −12 )eV 10 Since there could be further factors affecting spin of a stellar black hole other than the superradiance along with systematic errors in the spin measurement [54, 55] , it remains uncertain whether the scalar mass range 6 × 10 −13 eV < m Φ < 2 × 10 −11 eV [56] is fully excluded or not. Here, we take a conservative view point to allow the scalar mass range O(10
for the same total boson star mass and UV cutoff. Overall, for a given scalar particle mass m Φ , the logarithmic potential tends to produce a star of a lighter total mass than that for the Liouville potential. Thus, it is more challenging to probe the boson star with the logarithmic potential by the FRB lensing because it requires a shorter time delay between the two images.
Probe by Gravitational Wave Detection
If the boson stars described by our scalar potential models appear in the Universe, we may expect the two neighboring boson stars to form a binary system, go through inspiraling motion, and then merge to produce gravitational waves (GWs). The frequency of the GW depends on the mass and compactness of the boson stars. Hence they could be invoked to infer the information about the the scalar particle mass m Φ and the UV cutoff scale f of our potential models introduced in Sec. 2.2. Using the LIGO GW measurement to probe the mini-boson star or boson stars with a quartic potential was discussed before [57] .
In this subsection, we apply our two potential models (Sec. 2.2) to study how the scalar particle mass m Φ and UV cutoff f can be possibly probed from the LIGO GW detection. In Appendix B, we will explain further about obtaining the sub-region in the plane of (C, M max ) which corresponds to the high enough signal to noise ratio (SNR) for the LIGO GW detector. Here we assume a boson star accomplishes its allowed maximum mass M max and compactness C max for stability. For the simplicity of analysis, we consider that the two merging boson stars share the common mass and compactness. We try to address the following question: for what values of (m Φ , f ), can the merger of two boson stars produce GW signals whose frequency falls into the sensitive range of the LIGO detector?
We present the findings from our analysis in Fig. 11 . For a set of values of (C max , M max ) within the sub-region with cyan color, the merger of the binary boson stars will generate GW signals whose frequency lies in the range (50Hz ≤ ν ≤ 1000Hz) where the noise spectral density (S n (ν)) is low enough for the LIGO sensitivity. In addition, the GW signals from the boson stars within the sub-region of yellow color satisfy the high enough SNR with ρ ≥ 8 , where ρ is defined in Eq.(B.3) . The (red, green and blue) dots correspond to the (C max , M max ) values of the boson stars formed by the scalar particles of mass m Φ and self-interaction strength Λ for 1/f 2 = 10 − 100. The higher coupling strength Λ leads to the higher C max and M max .
For the case of Liouville potential, we find that only boson stars with scalar particle mass m Φ = 10 −10 eV are sitting in the overlapping area of the cyan and yellow regions, so their merger will produce GW signals whose frequency can probed by LIGO detector. But, if the self-interaction strength Λ 20, the boson star merger should have occurred at the luminosity distance D L < 250 pc for the LIGO detection. For boson stars with the logarithmic potential, the scalar particle mass also needs to be m Φ = 10 −10 eV to sit in the overlapping region of the (C max , M max ) plane. However, even the strong self-interaction strength Λ = 100 requires the merger of boson stars to occur at D L < 250 Mpc. In comparison, for the same scalar particle mass m Φ and UV cutoff f , the Liouville potential achieves a higher compactness C max and boson star mass M max . Hence, the farther merging event can be probed for boson stars with Liouville potential rather than the logarithmic potential.
Conclusions
The Higgs boson discovery in 2012 has provided encouraging evidence that the spin-0 scalar particles are among the most fundamental ingredients in nature, and there may well exist new singlet scalar particles beyond the standard model (SM) which are weakly coupled to the SM and may play a wide range of important roles, including the candidates for dark matter, dynamical dark energy, inflaton, axion, and other things.
In this work, we studied the dynamics of boson stars that consist of a new type of light singlet scalar particles with nontrivial self-interactions. Such boson stars may compose a small fraction of the dark matter in the Universe. We considered that such light scalars have two distinctive self-interaction potentials -the Liouville potential (which generates an infinite series of repulsive forces) and the logarithmic potential (which generates an infinite series of pairs of attractive and repulsive forces with a net attractive force).
In Sec. 2, we introduced the Einstein-Klein-Gordon equations with which we can study properties of the scalar field φ(r) in the curved spacetime background. We discussed the underlying physics to motivate the two benchmark scalar potentials. We further defined the total mass and compactness of the boson star.
In Sec. 3, we presented a numerical approach to solve the Einstein-Klein-Gordon equations and then applied a semi-analytic approach. We focused on the scalar field configuration for the ground state of the boson star which has the global maximum at the origin and approaches zero at the spatial infinity without a node. We found that the total mass of the stable boson star continues to increase with the rise of φ 0 value until φ 0 reaches a critical value φ 0 that corresponds to the maximum total mass, where φ 0 = φ(r)| r=0 . Beyond φ 0 , the boson star becomes unstable. Furthermore, the stable boson star with either scalar potential was found to have negative binding energies. Intriguingly, as self-interaction strength increases, the negative binding energy for a boson star with the logarithmic potential decreases in magnitude up to the coupling strength Λ ∼ 5 and then increases beyond this coupling value ; while for the case of Liouville potential it monotonically increases in magnitude. In addition, we studied the maximum compactness as a function of the coupling strength Λ, and obtained important insights. For the boson star with Liouville potential, the maximum compactness can reach as high as C max ∼ 0.18 for large coupling, and is larger than the case with a repulsive quartic interaction or a logarithmic interaction. On the other hand, the case of the logarithmic potential showed a slight deficit as compared to the case of a repulsive quartic potential. In the last part of this section, we applied the Swampland criteria and found that the maximum compactness C max obtained by the full numerical computation for both potentials arises from low energy effective theories of the scalar which are UV-completed by a consistent quantum gravity theory.
In Sec. 4, we studied the lensing of FRBs and the GW detection of LIGO as two astrophysical methods to probe the presence of boson stars and the parameter space of their corresponding scalar potentials. Given the future planned CHIME FRB detection experiment, we expect that boson stars with a total mass as light as M = O(1)M can be probed. Likewise, LIGO will be sensitive to GW signals from the merging boson stars with a total mass M = O(1)M . As for the individual scalar particle mass, LIGO is mostly sensitive to m Φ 10 −10 eV for both potentials, whereas the lensing of FRB detection can probe a sizable mass range m Φ (10 −10 − 10 −14 )eV, depending on the time delay between two lensed images of FRBs by the boson stars. We found that searching for the boson stars with the logarithmic potential will be more challenging than that with Liouville potential due to smaller total mass of its corresponding boson star.
A Computation of the Optical Depth
For presenting our analysis in Sec. 4.1, we explain the procedure of computing the integrated optical depthτ (M L ) in this Appendix.
The observableτ (M L ) is interpreted as the probability for a FRB lensed by a compact object with mass M L . The time delay between the two images resulting from the lensing of FRB by a compact object of mass M L and location z L is given as follows, ∆t = 4G N M L c 3 (1+z L ) y 2 y 2 +4 + log y 2 +4 +y
where y = β/θ E . The parameter β is the angular impact parameter, and the angle θ E is an angular Einstein radius determined by the angular diameter distances to the source of FRBs (D s ) to a lens (D L ), and between the two (D LS ), as given by
The following conditions to insure the strong enough lensing of a FRB give us (y min , y max ). The parameter R f is defined as the ratio of the size of the larger image to that of the smaller image. Requiring R f to be smaller than the critical value R f = 5 provides the following maximal allowed value of y , Demanding that the time delay (A.1) be greater than a reference time ∆t gives the minimum value y min . 11 For a given set of (y max , y min ), the optical depth τ as a function of the mass of the lens M L and the source position z S can be computed from
where H is the Hubble expansion rate and ξ DM is the fraction of DM provided by the compact objects which cause the lensing of FRBs. We choose the values of cosmological parameters for computing τ from Ref. [9] . Different choices of ∆t and M L would lead to different y min and thus different τ . For the present study, we assume the constant density redshift distribution function for sources [58] ,
where d L (z) is the luminosity distance, N const is the nomalization factor, and χ(z) is the comoving distance. We choose z cut = 0.5 . Finally, convolving τ in Eq.(A.5) with the redshift distribution (A.6) removes z S dependence and leads to the following integrated-optical depth,τ
This quantity is interpreted as the probability for a single burst to be lensed.
B Sensitive Parameter Space of Boson Stars to LIGO
In this Appendix, following [57] , we explain the procedure of determining the parameter space of the physical quantities (C, M max ) of the boson star which can be probed by the LIGO GW detector. For the simplicity of illustration, we consider the situation where the two merging boson stars have the same mass and compactness as described by the same the scalar potential. The GW emissions from the merger of the binary boson stars are characterized by the frequency,
where the parameters (C, M ) are the common (compactness, mass) of the binary boson stars. Requiring ν BS to lie within the GW frequency range (50 − 1000Hz) to which LIGO detection is sensitive, one obtains the following relation which must be satisfied by (C, M max ) of the binary boson stars to be probed with the low level noise. We draw the corresponding region of the parameter space by the cyan color as in Fig. 11 . The signal to noise ratio (SNR) of the GW signals with strain h(t) reads
whereh(ν) is the Fourier transform of the strain and S n (ν) is the noise power spectral density (PSD). Note that the upper limit of the integral depends on both C and M . We take S n (ν) from [59] . In the quadrupole approximation [60] , the strain Fourier transform readsh
where D L is the luminosity distance for the location at which the merger of the binary boson stars takes place, and M c is the chirp mass defined as 5) with M 1 = M 2 = M in our case. We will consider D L < 450, 250, 100 Mpc cases (with the corresponding redshifts z 1), so the redshift effect is negligible as in [57] . Requiring ρ ≥ 8 for ensuring a large enough SNR, we identify the yellow colored region in the parameter space of (C, M max ) in Fig. 11 .
